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 This research is a theoretical study that investigates the literature reviewing 

the adiabatic acceleration methods of quantum particle dynamics through the 

application of the fast forward method. This method was initially developed 

by Masuda and Nakamura in 2010. In this approach, the acceleration scheme 

is generated through the modification of the Hamiltonian by including 

regularization terms in the original Hamiltonian. In this study, the fast forward 

method is applied to a harmonic oscillator system. The fast forward method is 

first employed to obtain the adiabatic phase. In the subsequent step, through a 

review of the system's states, a driving potential is identified that ensures the 

harmonic oscillator system can transition from the initial state to the final state 

in a short period of time while preserving the system's energy. This research 

employs adiabatic parameters that are of a general nature, allowing for the use 

of freely selectable parameters. 
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1. INTRODUCTION 

 

In this elra olf glo lbalizatio ln, circumstancels relquirel us to l adapt to l thel changing timels. Scielncel 

and telchnollolgy (IPTE lK) arel rapidly advancing. Thel delvellolpmelnt olf scie lncel and telchnollolgy selrvels 

as an indicato lr olf thel prolgrelss olf thel timels. Such as in the l manufacturing pro lcelss olf prolducts (el.g., 

ellelctrolnics, auto lmoltivel, facto lriels, eltc.) (Dell Campo l& Kim, 2019; Masuda & Nakamura, 2008) in 

thel colntelxt olf manufacturing such pro lducts, thelrelelxists a crucial ne leld to lelxpelditel thel prolductio ln 

prolcelss (Belnggadinda & Se ltiawan, 2021; Seltiawan, 2019).  

Manipulating and o lptimizing thel prolductioln timelolf a prolduct is a strate lgy that can bel 

implelmelnteld to l relducel thel duratioln olf thel prolduct delsign (Belnggadinda & Se ltiawan, 2021). 

Currelntly, a meltho ld is beling delvellolpeld to l accellelratel thel dynamics o lf quantum particle ls. In the l 

prolcelss olf accellelrating the l dynamics o lf quantum particle ls, a folrmula is highly ne leldeld to l sho lrteln 

thel timel wheln quantum particle ls transitio ln witho lut altelring thelir characte lristics. 

Thelrel is relselarch that is delvellolping thel colncelpt olf accellelrating dynamics at thel 

microlscolpic scalel whilel maintaining thel charactelristic elnelrgy lelvells olf thel systelm, knolwn as 

adiabatic quantum dynamics. Olnel meltho ld useld tol accellelratel thel dynamics o lf quantum particlels is 

knolwn as thel fast fo lrward meltho ld, which invo llvels arranging o lr prolducing elvelnts by relducing 

theltimel scalel, similar to l fast-folrwarding a pro ljelcteld film o ln a screleln (Nakamura elt al., 2017). 

Relselarchelrs havel also l delvellolpeld a thelolry aimeld at spelelding up thel timel in thel prolcelss olf quantum 

particlel dynamics, kno lwn as thel thelolry o lf "sho lrtcuts to l adiabaticity.” (Belrry, 2009). Vario lus 
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studiels oln quantum particle l dynamics havel beleln colnducteld with the l aim o lf achielving thel final 

statel in a sholrtelr timel witholut altelring thel charactelristics o lf thel quantum particle ls. 

Prelvio lus relselarch has delvellolpeld thel fast folrward meltho ld in adiabatic quantum systelms 

(Masuda & Nakamura, 2010). In thel phelnolmelna o lf particlel intelractio lns and Bolsel gasels, thel fast 

folrward meltho ld is useld to lolbtain delsireld charactelristics in a sho lrtelr time l by deltelrmining thel driving 

poltelntial belfolrelhand. Additiolnally, thel fast folrward meltho ld is also l applield to l quantum spin 

systelms (Seltiawan elt al., 2017). In thel co lntelxt olf quantum discussiolns, thel timel-delpelndelnt 

Schrödingelr elquatio ln with varying mass has attracte ld significant atte lntioln duel tol its divelrsel 

applicatio lns in physics relselarch, particularly in quantum syste lms invo llving N particlels (Griffiths, 

2004). 

In thel colntelxt o lf quantum systelms, thel harmolnic olscillatolr pro lblelm plays a crucial ro llel as 

it is olfteln adolpteld as an appro lximatel moldell in many casels (Fitzpatrick, 2015). This relselarch aims 

tololbtain an additiolnal po ltelntial in thel systelm sol that quantum particle ls can mo lvel in a sholrt timel 

whilel still maintaining the lir charactelristics in an e ligelnstatel. In this relselarch, thel fast folrward 

meltho ld will bel invelstigateld oln colmplelx wavel functio lns using an arbitrary adiabatic parame ltelr R 

tololbtain thel adiabatic phase l and additio lnal po ltelntial. 

 

2. METHOD 

 

This relselarch is a thelolreltical study invo llving a litelraturel relvielw. Thel litelraturel relvielw is a 

prolcelss to l gain a co lmprelhelnsivel undelrstanding o lf prelvio lus relselarch rellateld to l a spelcific to lpic, 

with thel aim olf elstablishing a fo lundatioln o lr ratiolnalel folr thelolngoling relselarch olr as a so lurcelolf 

inspiratio ln folr futurel relselarch. This relselarch was co lnducteld throlugh the l meltho ld olf colllelcting 

litelraturel data invo llving vario lus solurcels, including jo lurnals and bololks. Aftelr deltelrmining thel tolpic 

tol bel invelstigateld, the l folrmulatio ln olf thel prolblelm is elstablisheld as thel folcus olf thel relselarch, which 

will theln bel tho lrolughly elxamineld to lolbtain thelelxpelcteld relsults. 

 

3. RESULTS AND DISCUSSION 

 

Thel harmolnic o lscillatolr is an impolrtant co lmpo lnelnt in quantum melchanics that is olfteln 

useld as an approlximatio ln mo ldell to l sollvel physically co lmplelx casels. Thel primary functio ln o lf thel 

harmolnic olscillatolr is to l selrvel as an elnelrgy so lurcel useld to l delscribel particlels in thel quantum 

dolmain analo lgolusly. This relselarch folcusels o ln so llving thel Schrödingelr elquatioln folr particle ls 

subjelcteld to l an additio lnal poltelntial influelncel in thel harmolnic olscillato lr systelm. Thel delscribeld 

sollutiolns olf thel Schrödingelr elquatioln arel in a timel-indelpelndelnt folrm. 

 

𝜑 (𝑥, 𝑡) =  Φ𝑛(𝑥, 𝑡)e l

−i

ħ
∫ Eln(R(𝑡)) dt
t
0 e l

iθ(x,t) 

 

(1) 

If wel colnsidelr thel adiabatic wave l functio ln, elquatio ln (1) can bel relwritte ln, whelrel R is an 

arbitrary parameltelr and θ is thel adiabatic phasel. 

 

 

𝜑𝑎𝑑 (𝑥, 𝑅(𝑡)) =  𝛷𝑛(𝑥, 𝑅(𝑡))𝑒
−𝑖

ħ
∫ 𝐸𝑛(R(𝑡)) 𝑑𝑡
𝑡
0 𝑒𝑖𝜃(𝑥,𝑡) 

 

(2) 

Thel Schrödingelr elquatio ln folr an adiabatic wavel functioln can bel writte ln as folllolws:  
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𝑖ħ 
𝜕𝜑𝑎𝑑

𝜕𝑡
=  −

ħ2

2𝑚
𝛻2 𝜑𝑎𝑑 + (𝑉 + 𝑣)𝜑𝑎𝑑 

 

(3) 

With  

𝜕𝜑

𝜕𝑡
=  
𝜕𝜑

𝜕𝑅

𝜕𝑅

𝜕𝑡
 

 

(4) 

Elquatioln (3) is first delriveld oln thel lelft-hand sidel. 

 

 

𝑖ħ
𝜕𝛹(𝑥,𝑅(𝑡))

𝜕𝑡
= 𝑖ħ [

𝜕𝛷𝑛(𝑥,𝑅(𝑡))

𝜕𝑅
𝑒
−𝑖

ħ
∫ 𝐸𝑛(R(𝑡)) 𝑑𝑡
𝑡
0 𝑒𝑖𝜃(𝑥,𝑡)] 𝑅̇ 

 

(5) 

Theln, welolbtai 

 

 

𝑖ħ 
∂ϕn
∂R

𝑅 ̇ e l

−i

ħ
∫ Eln(R(𝑡)) dt
t
0 e l

iθ(x,t) − ħ 
dθ

dt

̇
ϕn 

e l

−i

ħ
∫ Eln(R(𝑡)) dt
t
0 e l

iθ(x,t) 

 

(6) 

Nelxt, wel selelk thel delrivativelolf thel right-hand sidelolf elquatioln (3), which is: 

 

 

−
ħ2

2𝑚
[
∂2ϕn(x,R(t))

∂𝑥2
e l

−i

ħ
∫ Eln(R(𝑡)) dt
t
0 e l

iθ(x,t) + 2𝑖 
𝜕ϕn
𝜕𝑥

𝑑𝜃

𝑑𝑥
e l

−i

ħ
∫ Eln(R(𝑡)) dt
t
0

e l

iθ(x,t) + 𝑖 ϕn
∂2θ

∂𝑥2

− (
𝑑𝜃

𝑑𝑥

2

)  ϕn e l

−i

ħ
∫ Eln(R(𝑡)) dt
t
0 el

iθ(x,t)] 

 

(7) 

By substituting elquatio lns (6) and (7) into lelquatio ln (3), welolbtain: 

 

 

𝑖ħ 
𝜕𝜙𝑛
𝜕𝑅

𝑅 ̇ − ħ 
𝑑𝜃

𝑑𝑡

̇
𝜙𝑛(𝑥, 𝑅(𝑡))

=  −
ħ2

2𝑚
 2𝑖 

𝜕𝜙𝑛
𝜕𝑥

𝑑𝜃

𝑑𝑥
+  𝑖 𝜙𝑛(𝑥, 𝑅(𝑡))

𝜕2𝜃

𝜕𝑥2
 − (

𝑑𝜃

𝑑𝑥
)
2

 𝜙𝑛 (𝑥, 𝑅(𝑡))

+ 𝑣̃ 𝜙𝑛 (𝑥, 𝑅(𝑡)) 

 

(8) 

Theln, elquatioln (8) is multiplie ld by
i

ħ
Φn

∗relsulting in: 

 

 

−𝑅 ̇ 𝜙𝑛
∗ 𝜕𝜙𝑛
𝜕𝑅

− 𝑖
𝑑𝜃

𝑑𝑡
|𝜙𝑛|

2

= −
ħ

2𝑚
  2 𝜙𝑛

∗ 𝜕𝜙𝑛
𝜕𝑥

𝑑𝜃

𝑑𝑥
−  

ħ

2𝑚
|𝜙𝑛|

2
𝜕2𝜃

𝜕𝑥2
− 

𝑖ħ

2𝑚
|𝜙𝑛|

2 (
𝑑𝜃

𝑑𝑥
)
2

+ 
𝑖ħ

2𝑚
|𝜙𝑛|

2𝑣 ̃ 

  

(9) 
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Elquatioln (9) is selparate ld into l its relal and imaginary parts, yiellding: 

 

 

2𝑚

ħ
𝑅 ̇ 𝑅𝑒 [𝜙𝑛   

𝜕𝜙𝑛
𝜕𝑅

] + 2 𝑅𝑒 [𝜙𝑛
∗ 𝜕𝜙𝑛
𝜕𝑥

]
𝑑𝜃

𝑑𝑥
+ |𝜙𝑛|

2
𝜕2𝜃

𝜕𝑥2
= 0 

 

(10) 

ħ

𝑚
 𝐼𝑚 [𝜙𝑛

∗ 𝜕𝜙𝑛
𝜕𝑥

]
𝑑𝜃

𝑑𝑥
+ 
𝑣̃

ħ
|𝜙𝑛|

2 + 𝐼𝑚 𝜙𝑛
∗ 𝜕𝜙𝑛
𝜕𝑅

+ 
𝑑𝜃

𝑑𝑡
|𝜙𝑛|

2 +
ħ

2𝑚
|𝜙𝑛|

2 (
𝑑𝜃

𝑑𝑥
)
2

= 0 
(11) 

 

Elquatioln (10) is the lelquatio ln folr deltelrmining the l adiabatic phasel θ, and elquatioln (11) is 

useld tololbtain thel additio lnal poltelntial (Masuda & Nakamura, 2010). Sincel thel wave l 

functioln undelr colnside lratio ln is a relal functio ln, thelelquatioln to l bel useld is elquatio ln (10). 

 

 

3.1. Adiabatic Phase in Complex Wave Function 

 

Thel colmplelx wavel functio ln olf thel harmolnic olscillatolr in the lgrolund statel is 

elxprelsseld as: (Griffiths, 2005). 

 

𝛹0(𝑥,𝑅(𝑡)) = (
𝑚𝜔

𝜋ħ
)

1

4
𝑒−

𝑚𝜔

2ħ
𝑥2𝑒𝑖𝜂𝑒𝑖𝜃(𝑥,𝑡) 

(12) 

With  

𝜂 = 𝐵∫ 𝑒𝑥𝑝 [
𝑚𝜔

ħ
𝑥2]  𝑑𝑥

𝑥

0

 

 

(13) 

Thel graph o lf thel colmplelx wavel functioln olf thel harmolnic olscillato lr can be olbselrveld in 

Figure 1. 

 

 

 

Figure 1. The graph of the complex wave function of the harmonic oscillator 

 

 

Elquatioln (13) sho lws that the l adiabatic parame ltelr R is rellateld to l thel changel in frelquelncy 

(ω), thus elquatioln (13) can bel relwritteln as: 

 

 

2𝑚

ħ
𝑅 ̇ 𝑅𝑒 [ϕn   

∂ϕn
∂ω

] + 2 𝑅𝑒 [ϕn
∗ 𝜕ϕn
𝜕𝑥

]
𝑑𝜃

𝑑𝑥
+ |ϕn|

2
∂2θ

∂𝑥2
= 0 

 

(14) 

Sollving elquatioln (14) yiellds:  
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2𝑚

ħ
𝜔̇

{
 
 

 
 (
𝑚𝜔

𝜋ħ
)

1

4
e lxp[−

𝑚𝜔

𝜋ħ
𝑥2]

𝜕 (
𝑚𝜔

𝜋ħ
)

1

4
e lxp[−

𝑚𝜔

𝜋ħ
𝑥2

𝜕𝜔 }
 
 

 
 

+ 2 

{
 
 

 
 (
𝑚𝜔

𝜋ħ
)

1

4
e lxp[−

𝑚𝜔

𝜋ħ
𝑥2]

𝜕 (
𝑚𝜔

𝜋ħ
)

1

4
e lxp[−

𝑚𝜔

𝜋ħ
𝑥 2

𝜕𝜔 }
 
 

 
 
𝑑𝜃

𝑑𝑥

+ (
𝑚𝜔

𝜋ħ
)

1

4
|e lxp[−

𝑚𝜔

𝜋ħ
𝑥2]|

2 ∂2θ

∂𝑥2
= 0 

 

(15) 

Thus, we lolbtain:  

𝑑𝜃

𝑑𝑥
=  

ħ

2𝑥𝑚𝜔

𝜕2𝜃

𝜕𝑥2
 −  

𝑥𝑚

2ħ𝜔
𝜔̇ + 

𝜔̇

4𝑥𝜔2
 

 

(16) 

By assuming that the l sollutio ln θ is a functio ln delpelndelnt oln x2, olr θ = Φx2, wel can delrive l 

thel folllolwing: 

 

 

2Φ𝑛𝑥 =  
ħ

2𝑥𝑚𝜔
 2Φ𝑛𝑥 − 

𝑥𝑚

2ħω
𝜔̇ + 

𝜔̇

4𝑥𝜔2
 

 

(17) 

ħΦ𝑛𝑥

𝑥𝑚𝜔
 − 

𝑥𝑚

2ħω
𝜔̇ + 

𝜔̇

4𝑥𝜔2
−  2Φ𝑛𝑥 = 0 

 

(18) 

By groluping tolgelthelr elquatio lns (22) that havel thel samel telmpelraturel prolfilel, 

 

 

ħΦ𝑛𝑥

𝑥𝑚𝜔
+ 

𝜔̇

4𝑥𝜔2
= 0 

 

(19) 

Φ𝑛𝑥 =  − 
𝑚

4𝜔ħ
𝜔̇ 

 

(20) 

By applying thel samel prolceldurel tol thel relmaining telrms, welolbtain: 

 

 

− 
𝑥𝑚

2ħω
𝜔̇  −  2Φ𝑛𝑥 = 0 (21) 

Φ𝑛 = −
𝑚

4ħω
𝜔̇ 

 

(22) 

Frolm elquatio lns (20) and (22), by substituting the l valuel θ = Ax2, welo lbtain thel valuel: The l 

adiabatic phase 

 
l 

 

𝜃 =  − 
𝑚 𝑥2

4𝜔ħ
𝜔̇ 

 

(23) 

Thus, thel adiabatic wavel functioln in the l gro lund statel is giveln by: 

 

 

Ψ0(x,R(t)) = (
mω

πħ
)

1

4
e l

−
mω

2ħ
x2e l

i−
m𝑥2

4ħω
𝜔̇(x,t)

 
(24) 
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3.2. Driving Potential in Complex Wave Function 

 

To olbtain the l value lolf thel additio lnal po ltelntial, elquatioln (12) is substituteld into 

lelquatioln (11), relsulting in: 

 

 

ħ

𝑚
[ϕn

∗ 𝜕ϕn
𝜕𝑥

]
𝑑𝜃

𝑑𝑥
− 
𝑣̃

ħ
|ϕn|

2 + ϕn
∗ ∂ϕn
∂R

+ 
dθ

dt
|ϕn|

2 +
ħ

2𝑚
|ϕn|

2 (
𝑑𝜃

𝑑𝑥
)
2

= 0 
(25) 

ħ

𝑚
[𝑒−𝑖𝜂

𝜕 𝑒𝑖𝜂

𝜕𝑥
]
𝑑𝜃

𝑑𝑥
− 
𝑣̃

ħ
|𝑒𝑖𝜂|

2
+ 𝑒−𝑖𝜂

∂𝑒𝑖𝜂

∂R
+ 
dθ

dt
|𝑒𝑖𝜂|

2
+

ħ

2𝑚
|𝑒𝑖𝜂|

2
(
𝑑𝜃

𝑑𝑥
)
2

= 0 

 

(26) 

By simplifying elquatio ln (26), we l olbtain: 

 

 

ħ

𝑚
[
𝜕𝜂

𝜕𝑥

𝑑𝜃

𝑑𝑥
]  − 

𝑣̃

ħ
+ [

∂𝜂

∂R
] + 

dθ

dt
+

ħ

2𝑚
(
𝑑𝜃

𝑑𝑥
)
2

= 0 

 

(27) 

Thus, thel value lolf thel driving po ltelntial is olbtaineld as: 

 

 

−𝑚𝐵 ∫ 𝑥2 e lxp [
𝑚𝜔

ħ
𝑥2]  𝑑𝑥  + 

ħ

2𝜔
𝜔̇

𝑥

0

𝐵𝑥 e lxp [
𝑚𝜔

ħ
𝑥2]  𝑑𝑥 + (

1

ħ
− 

1

2𝜔
)
𝑥2𝑚𝜔̇2

4𝜔2
 

(28) 

 

4. CONCLUSION 

 

Thel adiabatic phase l and additiolnal po ltelntial havel beleln olbtaineld to l accellelratel adiabatic 

quantum dynamics in co lmplelx wavel functio lns. Thel adiabatic phase l and additio lnal poltelntial 

welrelolbtaineld using the l fast folrward schelmel prolpolseld by Masuda and Nakamura in 2010. In this 

study, a gelnelral adiabatic parame ltelr is useld, allo lwing folr thel uselolf any arbitrary adiabatic 

parameltelr R.Thus, it can be l applicablel tol all timel-delpelndelnt functio lns. Thelolbtaineld adiabatic 

phasel and additio lnal po ltelntial delpelnd o ln thel timel delrivativelolf the l frelquelncy olf thel harmo lnic 

olscillatolr. 
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